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Abstract. In this paper we consider simply connected Lie groups equipped
with left invariant Randers metrics which arise from left invariant Rie-
mannian metrics and left invariant vector fields. Then we study the in-
tersection between automorphism and isometry groups of these spaces.
Finally it has shown that for any left invariant vector field, in a special
case, the Lie group admits a left invariant Randers metric such that this
intersection is a maximal compact subgroup of the group of automor-
phisms with respect to which the considered vector field is invariant.
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1. Introduction
Randers metrics are interesting Finsler metrics which have found many ap-
plications in theoretical physics and biology (for some applications of Finsler
metrics see [1, 2, 3].). On the other hand, since Randers metrics arise from Rie-
mannian metrics and vector fields (or 1-forms), working on them are simpler
than Finsler metrics in general case. Because of the construction of Randers
metrics, it seems that many properties obtained in Riemannian case can be
extended to this case with some conditions.
An attractive class of structures in differential geometry is the family of in-
variant structures on Lie groups with respect to the action of Lie groups on
themselves. Invariant Riemannian metrics on Lie groups belong to this fam-
ily. These metrics have been studied by many mathematicians because the
algebraic properties of a Lie group can impress on the geometric properties
of it. They have found many significant results and examples on these spaces
(for example see [9, 10, 11].). Recently, many studies have been accomplished
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to extend these properties to Finsler spaces. On the other hand the algebraic
structure of Lie groups can help us to find simple formulas for some compli-
cated quantities related to Finsler spaces such as flag curvature (for example
see [4, 5, 7, 8, 13, 14, 15, 16, 17].).
In this article we study the intersection between automorphism and isometry
groups of some Randers spaces. We consider left invariant Randers metrics
which arise from left invariant Riemannian metrics and left invariant vector
fields on simply connected Lie groups.
2. Preliminaries
Let G be a simply connected Lie group with Lie algebra g. Then we can
define the following continuous homomorphism:{
T : Aut(G) −→ Aut(g),
φ −→ T (φ) = (dφ)e : TeG = g −→ g.
(2.1)
Since G is simply connected therefore T is an isomorphism of Lie groups (see
[6]). Also we have K is a maximal compact subgroup of Aut(G) if and only
if T (K) is a maximal compact subgroup of Aut(g).
A Finsler metric on a manifoldM is a non-negative function F : TM −→
R with the following properties:
1. F is smooth on the slit tangent bundle TM0 := TM \ {0},
2. F (x, λY ) = λF (x, Y ) for any x ∈M , Y ∈ TxM and λ > 0,
3. the n × n Hessian matrix [gij ] = [
1
2
∂2F 2
∂yi∂yj
] is positive definite at every
point (x, Y ) ∈ TM0.
A special type of a Finsler metrics is a Randers metric which has been intro-
duced by G. Randers in 1941 [12]. Randers metrics are constructed by using
Riemannian metrics and vector fields (1-forms).
Let g and X be a Riemannian metric and a vector field on a manifold M
respectively such that ‖X‖ =
√
g(X,X) < 1. Then a Randers metric F can
be defined by g and X as follows:
F (x, Y ) =
√
g(x)(Y, Y ) + g(x)(X(x), Y ), ∀x ∈M,Y ∈ TxM. (2.2)
In this paper, we denote an inner product on g and also the corresponding
left invariant Riemannian metric on G by <,>.
3. Automorphism and Isometry Groups
Suppose that φ ∈ Aut(G), then for any g ∈ G we have:
φ ◦ Lg = Lφ(g) ◦ φ. (3.1)
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Now let X ∈ g be a left invariant vector field such that < X,X >< 1. We
define a Randers metric on G by using the Riemannian metric <,> and the
left invariant vector field X as follows:
F (g, Yg) =
√
< Yg, Yg >+ < Xg, Yg > ∀g ∈ G, Yg ∈ TgG. (3.2)
Obviously F is left invariant as
F (Lgh, dLgYh) =
√
< dLgYh, dLgYh >+ < XLgh, dLgYh >
=
√
< Yh, Yh >+ < dLgXh, dLgYh > (3.3)
=
√
< Yh, Yh >+ < Xh, Yh >= F (h, Yh).
Definition 3.1. For an isomorphism φ ∈ Aut(G) and a vector field X on G
we say that X is φ-invariant if dφ ◦X = X ◦ φ.
Proposition 3.2. Suppose that F is as above. Let I(G,<,>) and I(G,F )
denote the isometry groups of Riemannian manifold (G,<,>) and Randers
manifold (G,F ) respectively. Suppose that φ ∈ I(G,<,>), then φ ∈ I(G,F )
if and only if X is φ-invariant.
Proof. Let X be φ-invariant therefore for any g ∈ G we have Xφ(g) = dφgXg.
Then
F (φ(g), dφgYg) =
√
< dφgYg, dφgYg >+ < Xφ(g), dφgYg >
=
√
< Yg, Yg >+ < dφgXg, dφgYg > (3.4)
=
√
< Yg, Yg >+ < Xg, Yg >= F (g, Yg).
Conversely let φ ∈ I(G,F ), therefore we have:√
< Yg, Yg >+ < Xg, Yg > = F (g, Yg) = F (φ(g), dφgYg) (3.5)
=
√
< dφgYg, dφgYg >+ < Xφ(g), dφgYg >,
which shows that
< dφgXg −Xφ(g), Yg >= 0. (3.6)
Therefore we have dφgXg = Xφ(g). 
Corollary 3.3. Let X be φ-invariant for any φ ∈ I(G,<,>). Then I(G,<,>
) = I(G,F ).
Proof. Since for every φ ∈ I(G,<,>) X is φ-invariant the above proposition
says that I(G,<,>) ⊂ I(G,F ). On the other hand proposition 1.3 of [5] says
that I(G,F ) ⊂ I(G,<,>), therefore the proof is completed. 
Definition 3.4. Suppose that a Lie group G acts from the left (right) on a
manifold M , in other words let M be a G-manifold. We say that a metric
(Finsler or Riemann) on M is absolutely left (right) invariant if I(M) = G,
where I(M) is the isometry group of M with respect to the metric.
Corollary 3.5. Let <,> be an absolutely left invariant Riemannian metric
on a Lie group G and X be a left invariant vector field on G such that
< X,X >< 1. Then I(G,<,>) = I(G,F ) = G, where F is defined by <,>
and X.
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Proposition 3.6. Let <,> be any left invariant Riemannian metric on a Lie
group H. Also suppose that F is a left invariant Randers metric introduced
by <,> and a vector field X. Then X is a left invariant vector field.
Proof. For any g, h ∈ G we have
F (h, Yh) =
√
< Yh, Yh >+ < Xh, Yh >
=
√
< dLgYh, dLgYh >+ < XLgh, dLgYh > (3.7)
= F (Lgh, dLgYh),
which shows that
< Xh − dLg−1XLgh, Yh >= 0, (3.8)
therefore X is left invariant. 
Definition 3.7. Let X be a left invariant vector field on the simply connected
Lie group G. Then we define the following subgroups of Aut(G) and Aut(g):
AutX(G) = {φ ∈ Aut(G)|X is φ-invariant} (3.9)
AutX(g) = {dφe ∈ Aut(g)|Xe is an eigenvector of dφe (3.10)
with respect to eigenvalue 1. i.e. dφeXe = Xe}.
Where e is the unit element of G.
Proposition 3.8. Suppose that G is a Lie group with Lie algebra g. Also let
<,> be a left invariant Riemannian metric on G and X be a left invariant
vector field such that < X,X >< 1. If φ ∈ Aut(G) such that T (φ) = dφe ∈
AutX(g) is a linear isometry of g with respect to the inner product <,>, then
φ ∈ I(G,F ), where F is the Randers metric defined by <,> and X.
Proof. From the fact that φ is a homomorphism, it follows immediately that
for any g ∈ G φ ◦ Lg = Lφ(g) ◦ φ. Therefore
dφgXg = d(φ ◦ Lg)eXe
= d(Lφ(g) ◦ φ)eXe
= (dLφ(g))e(dφeXe)
= (dLφ(g))eXe = Xφ(g).
So we have φ ∈ AutX(G). On the other hand we have
< (dφ)gYg, (dφ)gZg > = < (dφ)g(dLg)eYe, (dφ)g(dLg)eZe >
= < (dLφ(g))e(dφ)eYe, (dLφ(g))e(dφ)eZe >
= < Ye, Ze >=< Yg, Zg >,
therefore φ ∈ I(G,<,>). Now we have
F (φ(g), (dφ)gYg) =
√
< (dφ)gYg, (dφ)gYg >+ < Xφ(g), (dφ)gYg >
=
√
< Yg, Yg >+ < (dφ)gXg, (dφ)gYg >
=
√
< Yg, Yg >+ < Xg, Yg >
= F (g, Yg),
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hence φ ∈ I(G,F ). 
Corollary 3.9. The isomorphism T : Aut(G) −→ Aut(g) maps
K = AutX(G)
⋂
I(G,F ) isomorphically onto K ′ = AutX(g)
⋂
O(g), where
O(g) denotes the orthogonal group of {g, <,>}.
Corollary 3.10. If AutX(g)
⋂
I(G,<,>) = Aut(g)
⋂
I(G,<,>) and K ′ =
AutX(g)
⋂
I(G,<,>) then both K ′ and K = T−1(K ′) are compact Lie groups
because K ′ is a closed subgroup of the compact Lie group O(g).
Proposition 3.11. Let X be a left invariant vector field on G and K be any
compact subgroup of AutX(G). Then there exists a left invariant Randers
metric F on G such that K ⊂ AutX(G)
⋂
I(G,F ), where F is defined by X
and a left invariant Riemannian metric <,> on G.
Proof. Since K is a compact subgroup of AutX(G) ⊂ Aut(G) there exists a
left invariant Riemannian metric <,>0 on G such that K ⊂ Aut(G)
⋂
I(G,<
,>0) (see [6].). Therefore K ⊂ AutX(G)
⋂
I(G,<,>0). Now let <,>=
1
N
<
,>0 for some N ∈ N such that < X,X >< 1. Obviously we have I(G,<
,>) = I(G,<,>0). Now let F be the Randers metric defined by X and the
Riemannian metric <,>. Proposition 3.2 says that AutX(G)
⋂
I(G,<,>) =
AutX(G)
⋂
I(G,F ) which completes the proof. 
Proposition 3.12. Let G be a simply connected Lie group, X a left invariant
vector field on G and AutX(g)
⋂
I(G,<,>) = Aut(g)
⋂
I(G,<,>). Then
there exists a left invariant Randers metric F on G such that
K = AutX(G)
⋂
I(G,F ) is a maximal compact subgroup of AutX(G).
Proof. Let K be a maximal compact subgroup of AutX(G). By proposi-
tion 3.11 there exists a left invariant Randers metric on G such that K ⊂
AutX(G)
⋂
I(G,F ). Equality holds by the maximality of K. 
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